OPTIMAL CONDITIONS FOR L°°-REGULARITY AND A PRIORI 
ESTIMATES FOR ELLIPTIC SYSTEMS, I: TWO COMPONENTS 

LI YUXIANG 

Abstract. In this paper we present a new bootstrap procedure for elliptic systems with 
two unknown functions. Combining with the L p -L 9 -cstimatcs, it yields the optimal ir- 
regularity conditions for the three well-known types of weak solutions: Hq -solutions, L 1 - 
solutions and L^-solutions. Thanks to the linear theory in L^(fi), it also yields the optimal 
conditions for a priori estimates for L^-solutions. Based on the a priori estimates, we improve 
known existence theorems for some classes of elliptic systems. 



1. Introduction 

The aim of this paper is to present a new alternate-bootstrap procedure to obtain L°°- 
regularity and a priori estimates for solutions of semilinear elliptic systems. This method 
enables us to obtain the optimal L°°-regularity conditions for the three well-known types 
of weak solutions: i^Q-solutions, Z^-solutions and Lj-solutions of elliptic systems (for their 
definitions, see Section 2). Combining with the linear theory in L^-spaces, our method 
also enables us to obtain a priori estimates for Lj-solutions, therefore to improve existence 
theorems for various classes of elliptic systems. 

Let us consider the Dirichlet system of the form 

—Au — f(x,u,v), in Q, 

—Av — g(x,u,v), in Q, (1.1) 
u = v = 0, on dQ, 

where O C 1" is a smoothly bounded domain and /, g : Q x M 2 —>■ M. are Caratheodory 
functions. A typical case is 



-Au = u r v p , in Q 



-Av = u q v s , in Q, (1.2) 
u = v = 0, on dQ, 



where r, s > 0, p, q > 0. 

As a motivation, let us mention that in an important recent article |QS| , Quittner & 
Souplet developed an alternate-bootstrap method in the scale of weighted Lebesgue spaces 
L^(fl). Their bootstrap procedure works well for system (11.11) with 

u,dg1, j;gO. (1.3) 

-hix) <g <C 1 (\u\ q +\v\ a ) + h 2 (x), 
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where p, q > 0, pq > 1, 7, a > 1, C\ > 0, /ii G -^J(^)) ^2 £ with 9 > n/2. They obtained 
the optimal conditions for L°°-regularity and a priori estimates for Lj-solutions, see QS 



Theorem 2.1]. The optimality was shown by Souplet [SJ Theorem 3.3]. Using this method, 
they obtained new existence theorems for various classes of elliptic systems. 

Our bootstrap procedure works for system (11. ip with /, g satisfying more general assump- 
tions 



\f\<C 1 {\u\ r \v\ P +\u\ 
\g\ < d{\u\ q \v\ s + M 



i) + h(x), 



where r, s,j,a > 0, p, q > 0, Ci > and the regularity of h will be specified later. The 
bootstrap procedure is only based on the L m -L fc -estimates in the linear theories of weak 
solutions. So we are able to obtain the optimal L°°-regularity conditions for the three 
well-known types of weak solutions: i^Q-solutions, L 1 -solutions and Lj-so hit ions of elliptic 
systems. Under some additional appropriate conditions on /, g, this method also enables us 
to obtain a priori estimates for L^-solutions. 



1.1. Optimal conditions for L 

r)(l - s). Set 

p + 1 — s 



a 



regularity. First we consider the case where pq > (1 
q + 1 — r 



pq — (1 — r)(l 
Note that (a,/?) is the solution of 

r — 1 



pq 



0(i 



1.5) 



Q 



p 
s-1 





a 
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Throughout this paper, we assume that a, (3 > 0, which is obvious if r, s < 1. The numbers 
a,/3 are related to its scaling properties of system (jl.2p (see for instance |CFMTj ). For the 
parabolic counterpart of ( 11.21) . these numbers appear for instance in Wang[ IZh] in the 
study of blow-up. 

For the L°°-regularity, we obtain the following theorems. 

Theorem 1.1. (Optimal L°°-regularity for i^Q-solutions) 
Assume that f,g satisfy §LM with pq > (1 — r)(l — s). 

(i) // 



n-2 



max{a, f3} > 



min{p + r,q + s} < 



r, s,7,a < 



n + 2 
n-2'' 



n + 2 



heL e (Q), 9> 



n 



(1.6) 



n-2' 

then any -solution of system (1 1 . II) belongs to L°°{Vt); 
(ii) Ifn>3 and 

r fli n ~ 2 
max{a,p| < — - — , 

system in B\, the unit ball in W 1 , with f = (u+Ci)' 
C2) 13 for some Ci,C2 > admits a positive HQ-solution 
andv <£ L°°(B 1 ). 

Theorem 1.2. (Optimal L°°-regularity for L 1 -solutions) 
Assume that f, g satisfy Qi.^D with pq > (1 — r)(l — s). 



;i.t) 



(f+c 2 ) p and g = (u+ci) q (v + 
(u,v) such that u ^ L°°(Bi) 



;i.s) 
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(i) // 

Tl — 2 Tl 

max{a,/3} > — ^— , r, s, 7, a < ^— -, 

Tl Tl 

min{p + r, g + s} < -, h G > -, 

Tl _ 

then any L 1 -solution of system ( 11. ID belongs to L°°(Q); 

(ii) Ifn>3 and 

n — 2 

m&x{a,p\ < — - — , (1.9) 

system (Ii. II) m i/ie unit ball in W 1 , with f = (u+Ci) r (v +C2Y and g = (u+ci) q (v + 
C2) 13 for some C\,C2 > admits a positive ^-solution (u,v) such that u ^ L°°(Bi) 
and v L°°(Bi). 

Theorem 1.3. (Optimal L°°-regularity for Lj-solutions) 
Assume that f,g satisfy Qi.^| ) with pq > (1 — r)(l — s). 

(i) V 

n - 1 n + 1 

maxja, f3} > —z—, r, s, 7, a < -, 

2 n — 1 



minjj) + r,q + s} < , h G Lg(u), 6 > 



1.10) 



n- 1' ov "" " " 2 ' 



£/ien any L\-solution of system (li.il) belongs to L°°(VL); 
(ii) If n > 2 and 

Tl — 1 

max{a;,/3}< — - — , (1-H) 

there exist functions a, b G L°°(£l), a, b > suc/i t/jat system (I i . ip wit/i / = a(x)u r v p 
and (7 = b(x)u q v s admits a positive L\- solution (u,v) such that u L°°(Q) and 
v^L°°(Q). 

Our theorems are closely related to the three critical exponents: 

J 00 if n < 2, 

Ps := 1 (n + 2)/(n-2) if n > 3, 

00 if n < 2, 

n/(n — 2) if n > 3, 

00 if n < 1, 

(n+l)/(n-l) ifn>2. 

ps is the Sobolev exponent. p sg and appear in study of /^-solutions and L]-solutions of 
scalar elliptic equations respectively. Note that 

n-2 _ 1 n-2 _ 1 n-l _ 1 

~ p s -l' ~ p Sfl -l' ~ Pbt-1' 

So if we write each critical exponent as p c , the optimal conditions for L°°-regularity of the 
above three types of weak solutions have a consistent form max{a,/3} > l/(p c — 1) and 
r, s, 7, a, min{p + r,q + s} < p c . 



Pbt 
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Remark 1.1. If r, s < 1, mm{p + r,q + s} < p c in Theorem 11.1111.31 (i) is superfluous, see 
Remark El 

For < (1 — r)(l — s), we have the following theorem. 

Theorem 1.4. Assume that f,g satisfy ( | i.^D withpq < (1 — r)(l — s). T/ien Theorem \l.lW1.3\ 
(i) also hold i/max{a, /3} > \/{p c — 1) is replaced by pq — (1 — r)(l — s) < (p c — 1) maxjp + 
1 — s, 9 + 1 — r}. 

In order to justify the above theorems, let us recall the optimal L°°-regularity for the 
scalar equation 

— Au = f(x,u), in f2, 

V ; (1.12) 
u = 0, on <9fi, 

where |/| < C(l + |w| p ) with p > 1. It is well-known that the Sobolev exponent ps plays an 
important role in the optimal L°°-regularity and a priori estimates of the i^Q-solutions, see 
[FEN1 ESI UU EZ] and the references therein. Any ^-solution of ffTT2l) belongs to L°°(fi) 
if and only if p < p$, see for instance [BK[ [St] . For the L 1 -solutions, the critical exponent 
is p sg . Any L 1 -solution of fll . 12j) belongs to L°°(Q) if and only if p < p sg , see for instance 

The critical exponent pbt first appeared in the work of Brezis & Turner in [BTj. They 
obtained a priori estimates for all positive Hq -solutions of (11.121) for p < pbt using the method 
of Hardy-Sobolev inequalities. However the meaning of pbt was clarified only recently. It 
was shown by Souplet [51 Theorem 3.1] that pbt is the critical exponent for the L°°-regularity 
of Lj-solutions of (11.121) by constructing an unbounded solution with / = a(x)u p for some 
a G L°°(Q), a > if p > Pbt- The critical case p = pbt was recently shown to belong to the 
singular case for / = u p , see [DMP] . also |MR] for related results. Moreover, the results of 
[5] was extended to the case f = u p when p > pbt is close to pbt- 

If we set a = l/(p — 1), i.e., the solution of (p — l)a = 1, the optimal conditions for 
L°°-regularity of the above three types of weak solutions also have a consistent form a > 
l/{Pc — 1)- For more detailed discussions, we refer to the book |QS 2 Chapter I]. 



Using the bootstrap procedure they developed based on linear theory in L^(Q), Quittner 
& Souplet |QS, Theorem 2.1] obtained similar L°°-regularity condition as Theorem 11.31 (i) 
assuming that f,g satisfy (11.31) . In [51 Theorem 3.3], Souplet proved a similar result as in 
Theorem 11.31 (ii) in the case / = a(x)v p and g = b(x)u q for some functions a, b e L°°(Q), 
a,b>0. 

Remark 1.2. Using the method of moving planes and Pohozaev-type identities, in the case 
/ = v p and g = u q , p,q > 1, it is proved if Q is convex and bounded, and a + (3 > (n — 2)/2, 
then there exists a positive classical solution of (11.11) ; If n > 3, Q is starshaped and bounded, 
and a + (3 < (n — 2)/2, then (11.11) has no positive solution, see [CFM| |M 2 | . Note that the 
optimal L°°-regularity condition in Theorem 11.11 is weaker than the existence condition, i.e., 
the so-called Sobolev hyperbola. 

Remark 1.3. We shall use a bootstrap procedure to prove the above theorems. Based on 
another bootstrap procedure, using the method of Rellich-Pohozaev identities and moving 
planes, |CFM| Lemma 2.2] obtained a priori estimates for i^Q-solutions of (11.11) with f,g 
satisfying some conditions similar to (11.31) . 
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1.2. Optimal conditions for a priori estimates and existence theorems. Combin- 
ing with the linear theory in L^-spaces, developed in [FSWJ, see also [BVJ, our bootstrap 
procedure enables us to obtain a priori estimates for system (11. ip with /, g satisfying (11.41) 
and 

f + g>-C 2 (u + v)-h 1 (x), u,veR,xeQ, (1.13) 

where C 2 > 0, h\ £ Ll(Q). By an a priori estimate, we mean an estimate of the form 

NU<c, |M|oo<c (i.i4) 

for all possible nonnegative solutions of (11.11) (in a given set of functions), with some constant 
C independent of (u, v). Our main result of the a priori estimates is the following theorem. 

Theorem 1.5. Let f,g satisfy ( fTT^j ) and OTT^j) with pq > (1 - r)(l - s) and ffTTTop . Then 
there exists C > such that for any nonnegative solution (u, v) of (li.ip satisfying 



NUi + NLj <m, (i.i5) 

it follows that u, v G L°°(Q) and 

||m|| L oo + \\v ||loo < C. 
The constant C depends only on M, Q,p, q, r, s, 7, a, Ci, C 2 . 

(II.IOP is optimal for the a priori estimates for the Z^-so hit ions of the system (11.11) under 
the assumptions (ll.4p and (11.131) . see Theorem 11.31 (ii). 

There are several methods for the derivation of a priori estimates: The method of Rellich- 
Pohozaev identities and moving planes, see [CFMl iFLNj ; The scaling or blow-up methods, 
which proceeds by contradiction with some known Liouville-type theorems, sec [BM , ICFMT} 
IFY[ IGS[ ILoul [So] IZou] and references therein, for the related Liouville-type results, see 
[BMl iBuMl ICMMl E EB [Ml |PQS| [RZl [SollSZl [SZ 2] an d the references therein; The method 
of Hardy-Sobolev inequalities, see [BTl |CFM 2 [ [C| ICFS[ IGWj . For the detailed comments of 
the above methods and the advantages of the bootstrap methods, we refer to QS , see also 
a survey paper [S^]. 



A similar theorem for system (ll.ip with /, g satisfying (11.31) was proved by Quittner & 
Souplet |QSJ Theorem 2.1]. Based on their a priori estimates, they obtained new existence 
theorems for various classes of elliptic systems. 

Theorem 11.51 in hand, we are able to obtain more general existence theorems for system 
(II. ip . Consider the system (11.11) . subject to (ll.4p and the superlinearity condition 

/ + g > A(u + v) - Ci, u, v > 0, x e ft, (1.16) 

where C\ > 0, A > Ai, the first eigenvalue of —A in Hq(Q). 

Theorem 1.6. Assume that f,g satisfy l \l-4\) and (II . 1 6} with pq > (1 — r)(l — s) and (\1.1 C\) . 

Then 

(a) any nonnegative L\-solution (u, v) of (II. ip belongs to L°°(Q) and satisfies the a priori 
estimate fli.i^P ; 

(b) system (li.ip admits a positive L\-solution (u,v) if in addition f,g satisfy 

f + g = o(u + v), as-u,f ^ + , (1-17) 

uniformly in x e Q. 
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Remark 1.4. If pq > (1 — r)(l — s) and max{a, (3} > are replaced by pq < (1 — r)(l — s) 
and p9 — (1 — r)(l — s) < -^j maxjp +1 — s, g + 1 — r} respectively, then the conclusions of 
Theorem 11.51 and 11.61 also hold. 

Remark 1.5. Consider system (11 .ID with boundary conditions of the form ttj, = ait, = to, 
where a, b G R and Wj, denotes the derivative of u with respect to the outer unit normal on 
dfl. If, for example, /, g satisfy 

f + 9 > Ci(Ai(a)w + Xi(b)v) - C 2 , u, v > 0, x E 

where C\ > 1, C<i > and Ai(a) denotes the first eigenvalue of —A with boundary conditions 
u v = au, then it is easy to deduce that 

\\u\\ L i + \\v\\ L i < M, 

with M independent of u, v. The proof of Theorem 12.41 (in Section 2) implies ( 11.141) . Using 
this a priori estimate, we also have a similar existence theorem of /^-solutions of system 
( II. ip with Neumann conditions as Theorem 11.61 

If r = s — 0, under assumptions (11.31) . (I1.16p . the system (11.11) was studied by several 
authors. Using another bootstrap method, similar results as the above theorem was obtained 
QS[ Theorem 1.1], see also |CFM 2 j [0 \FY\ IZouj for more related results. 



m 



The second existence theorem is about the system 

—An = a(x)u r v p — c(x)u, in Q, 

-Av = b(x)u q v s - d(x)v, in tt, (1.18) 

u = v = 0, on dQ, 

where r, s < 1, pq > (1 — r)(l — s), a,b,c,d £ L°°(Q), a, b > 0, f Q a, J n b > 0, inf {spec(— A + 
c)} > 0, inf{spec(-A + d)} > 0. 



Theorem 1.7. Assume that 



Tl — 1 

max{a,/3}> — - — . (1-19) 



Then 

(a) any nonnegative Lj-solution (u,v) of (li.i&l) belongs to L°°(Q) and satisfies the a 
priori estimate ( | 1 . 1$ ; 

(b) system (li.igp admits a positive L\-solution (u,v). 

From the above theorem, we obtain the existence theorem for system (II. 2p . 

Corollary 1.8. Assume that r, s < 1, pq > (1 — r)(l — s) and (\1.19\) holds. Then system 
( TXi§ admits a positive classical solution (u,v). 

A similar existence result was proved in |QS[ Theorem 1.4] but under more stronger 
assumptions. Set 

(n + l)p A {n + l)q 



P = — 1 7Y-> 1 



n+ 1 — (n — l)r' n + 1 — (n — l)s' 

P + l A ^+ 1 
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Instead of (11.191) . they required that max{d,/3} > (n — l)/2. The a priori estimates and 
existence of positive solutions for (11.21) was studied in |CFMT] in the case when Q = B R (0) 
and the parameters satisfy < r, s < 1, pq > (1 — r)(l — s), plus some additional conditions. 
Note that the results there also cover the case when the Laplace operators are replaced by 
A m u, A n u, m,n > 1. We refer to [Ml IRZl ITVl \Zh\ IB] for existence/nonexistence results 
for (11.21) and to [DEI EH Wang , IZhj and the references therein for related results on the 



associated parabolic systems. 

Remark 1.6. It was shown in |RZj that system (II. 2p has no positive solutions if p, q, r, s > 1, 



min-Jjo + r, q + s} > (n + 2)/(n — 2) + and is star-shaped. It was also proved in IZ0U2I that 
system ( 11.21) has a positive solution if r, s > 1, pq > (r — l)(s — 1) and 

max{p + r,q + s} < (n + 2)/{n - 2)+, (1.20) 

see also [Zouj . Our result is that system (jl.2p has a positive solution if < r, s < 1, 
pq > (1 — r)(l — s) and fl 1 . 1 9 [) holds. If r = s — 0, for the existence of positive solutions 
of the system (11.21) . we have the optimal condition a + j3 > (n — 2)/2, see Remark 11.21 We 
would like to point out that 

(i) max{p + r, q + s} < (n + l)/(n — 1) implies (I1.19p . but (ll.20p does not; 

(ii) (11-191) is much more general than (ll.20p . (I1.19P allows very large p or q; 

(iii) If r = s = 0, (I1.19P is stronger than a + (3 > (n — 2)/2. 

So it is still a widely open question what should be the optimal conditions on p,q,r,s,n for 
existence of positive solutions to system (11.21) . 

A special case of (11.181) is the following model of a nuclear reactor 

—Au = uv — au, in Q, 

-Av = bu, in Q, (1.21) 

u = v = 0, on dQ, 

where u, v present the neutron flux and the temperature, respectively. This system and the 
corresponding parabolic system were studied in |Ch[ IGW] |GW2[ |Q| |QS[ [QS2I ■ In IGW2I , the 



existence and a priori estimate were obtained under the assumption n < 3, or Q convex and 
n < 5. In |QS[ Theorem 1.2] and IQS2 Theorem 31.17], the existence and a priori estimate 



were obtained under weaker assumption n < 4 without assuming VL convex. Our theorem 
recover their result since max{a,/3} = 2 > (n — l)/2 implies n < 5. 

In next section, we present our bootstrap procedure. In Section 3, we prove Theorem 
ll.im.31 In Section 4, we prove Theorem 11.5111.71 



2. The Bootstrap Procedure 

In what follows we give the definitions of three types of weak solutions of system (11. ip . 
see |QS2[ Chapter I]. 



Definition 2.1. (i) By an i^Q-solution of system (11. ip . we mean a couple (u, v ) with 
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satisfying 

/ Vw • Vip = / ftp, \/y\/f= gip, 
Jn Jn Jn Jn 

for all if G F x (O). 
(ii) By an L 1 -solution of system (11. II) . we mean a couple (u,v) with 

u,veL\Q), f,geL\Q), 



satisfying 



- / uAtp = / ftp, - / vAip = I g<p 



n 



(2.1) 

for all ip G C 2 (n), tp\ dn = 0. 

(iii) Set S(x) := dist(x, dQ) and L](Q) := L 1 ^; S(x)dx). By an Lj-solution of system 
(ll.ip . we mean a couple iu,v) with 

u,veL\Q), f,geL](Q), 

satisfying (12.11) . 

The three types of weak solutions of the scalar equation (11.121) and the linear equation 

— Au = (j), in fi; u = 0, on d£l, (2.2) 

are defined similarly. According to |BCMR[ Lemma 1], if <fi G Lj(Q), (12.21) admits a unique 
Z^-solution u G L 1 (fi). Moreover, < C||0|| L i and 4> > a.e. implies u > a.e. 

The most important regularity results for L 1 -solutions of the linear equation (12.21) is the 
following L m -L fc -estimates. 

Proposition 2.1. (see for instance IQS2 Proposition 47.5]) Let 1 < m < k < 00 satisfy 

— - v < -• (2.3) 

Lei m G L l (Q) be the unique L 1 -solution of <\2.Htfi . If <f> G L m (fi), thenu G L fc (fi) and satisfies 
the estimate \\u\\ L k < C(Q, m, k)\\(p\\Lm. 

It is well known that the condition (I2.3P is optimal. For example, let Q = B\ be the unit 
ball. For 1 < m < k < 00, let n/k < 6 < n/m — 2, which follows from 1/m — 1/k > 2/n. 
Then U(r) = r~ e — 1 is the unique L 1 -solution of —AU = <ft := 6(n — 9 — 2)r~ e ~ 2 . But 
4> G L m {B 1 ) and U L k (Bi), see also Chapter I]. 

Obviously, Proposition 12.11 holds for the i^Q-solution of (12. 2p . But it is not convenient to 
derive the optimal condition for L°°-regularity of the i^-solutions of system (11.11) . For our 
purpose, we develop an L m -L fc -estimate for the i^-solution of (12.21) . It is an invariant of 
Proposition 12.11 Let n > 3, set 2* := 2n/{n + 2). It is the conjugate number of the Sobolev 
imbedding exponent, 2n/(n — 2). 

Proposition 2.2. Let 1 < m < k < 00 satisfy 

11 4 

- - T < (2 ' 4) 

m k n + 2 

Let u G Hl(Vt) be the unique HQ-solution of (pOj) . If <p e L 2 * m (Vt), then u G L 2 * k (Q) and 
satisfies the estimate ||-u|| L 2,,fc < C(Q, m, fc)||0||x2,m. 
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The above proposition in hand, the L°°-regularity of the ifg-solutions of (I1.12p with |/| < 
C(l + \u\ p ) with 1 < p < ps follows immediately from a simple bootstrap argument. It is 
much simpler than the usual proof, see [BK\ IStl QS2I . 



For all 1 < k < 00, define the spaces L k (tt) = L k (tt;8(x)dx). For 1 < k < 00, Lg(Cl) is 
endowed with the norm 

i/k 

\ u \\L k = [ I \u(x)\ k 5(x)dx 



n 



Note that Lf(Q) = L°°(fl;dx), with the same norm ||w||oo- For the Lj-solutions, we have 
the following regularity result. 



Proposition 2.3. (see |FSW] . also |QS[ |QS 2 | ) Let 1 < m < k < 00 satisfy 



m k n + 1 

Let u G L l (Q) be the unique L\- solution of (\2.2\i . If ' <f> G thenu G L k (Q) and satisfies 

the estimate \\u\\ L k < C(Q,m,k)\\(f)\\L^- 

The condition (12.51) is optimal, since for 1 < m < k < 00 and 1/m — 1/k > 2/(n + 1), 
there exists <fi G L™{VL) such that u L k (Q), where u is the unique Lj-solution of (12. 2p . see 
[SJ Theorem 2.1]. 

Remark 2.1. According to Proposition 12. llT2~3l the assumptions of h in Theorem 1 1 . 1111 . 31 are 
natural. 

In order to give a uniform proof of Theorem 1 1 . lti 1 . 31 (i) , we write the three critical exponents 
Ps, Psg, Pbt as p c . Denote B k the spaces L 2 * k (Vi), L k (£l), L k (£l), and || • \\ B k in B k the 
norms || • ||x2*fc, || • \\ L k, \\ ■ \\ L k. Note that fl2.3H - fl2.5j) can be written in one form 

i-i<i (2.6) 

m k p c 

where l/p' c + l/p c = 1. The optimal conditions of L°°-regularity in Theorem 11.1111.31 (i) can 
also be written in one form 

max{ct,/3}> — — , r,s,j,a<p c , 

Pc „ (2-7) 

min{p + r,q + s} < p c , h G B , 6 > p' c . 

We shall prove the following theorem. 

Theorem 2.4. Assume that f,g satisfy Qi.^D with l \2. 7| ). Then there exists C > such that 
for any (Hq, L 1 , L\)-solution (u,v) of fli.ip satisfying 

IMIb* + IMU* < Mi(^), for all 1 < fc < p c , (2.8) 
it follows that u, v G L°°(f2) and 

T/ie constant C depends only on M 1 (k),ft,p,q,r,s,j,a,Ci. 
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Without loss of generality, we assume that q + s > p + r. Then (3 > a. From (12.71) . we 
have 

P > — (2.9) 
Vc ~ 1 

and 

p + r<p c . (2.10) 

Remark 2.2. If r < 1, fl 2 . 1 [) can be deduced by (12.91) . In fact, we have 

* ^ PQ — (1 — — s) 1 
g + 1 — r p 

We first prove two lemmas, which assert that by bootstrap only on the first equation of 
system (11.11) . the integrability of u can be improved to such an extent that the bootstrap on 
the second equation is possible. In the following, C = C(M 1 , r, s, p, q, 7, a, Q, Ci) is different 
from line to line, but it is independent of (u, v) satisfying (12. 8p . For simplicity, we denote by 
I • \k the norm || ■ \\ B k. 

Lemma 2.5. Let f,g satisfy ( |l.^p with < \2.7[ . If 

P<Pc/p' c , (2.11) 

then \u\oo < C . 

Proof. We shall carry out the bootstrap only on the first equation of system (11.11) to prove 

Moo < c. 

Case I. r < 1. 

Thanks to (|27|) . fTSTTUD and fl2TTD there exists k such that 

(p + r) V 7 < k <p c , j<\- (2.12) 

k p' c 

For such k fixed, there exists e > small enough to satisfy 

7 11 

I — ; 7—7 —7- < -7, for any integer m > 0, (2.13) 

k + me /c + (m + l)e p^, 

and 

r < (2.14) 



k + e 

since r < 1. From (12.121) and (I2.14p . we have 



v p 1 1 

+ - — — < — , for any integer m > 0. (2.15) 



k + me k k + (m + l)e p^,' 
For m > 0, set 



?<1, - = -^— <1. 



Pm 

k + rns k Q m k -\- ms 

From (I2.12p . when m is large enough, we have p m /\Q m > p' c . Denote m = min{m : p m Ag m > 
p' c }. We claim that after mo-th bootstrap on the first equation, we arrive at the desired result 
Moo < c. 
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According to (12. 8p . we have \u\k < C, \v\k < C. If m = 0, we can take k such that 
p' c < p A — &/[(p + r ) V7] < 6* and (I2.12p holds. Then applying Proposition 12 . llT2~3| using 
the first equation of system (II. ip . we obtain 

\v\cc < C\f\ poA g 

< C(\\u\ r \v\ P \ poAgo + ||w| 7 |p Ae ) + l^lpoA(?o 

< c'(IN r H p U + IH 7 U + i) 

< c7(h;hs + |u|2 + i) 

< C. (2.16) 

Now we consider m > 0. If we have got the estimate |ii|fc +m£ < C for some < m < m , 
then applying Proposition 12. IIlTB"} using (12.131) . (I2.15P and the first equation of system (11. ip . 
we obtain 



\ u \k+(m+l)e < C|/lp m Ae m 

< C(||u| r |f \ P \p m Ag m + \\u\ J \p m A gm ) + \h\ Pm A Qm 

< C(\u\l +m£ \v\l + \u\l + l) 

< C. (2.17) 

So we have |ii|fc+ mo£ < C. We can take m : m — 1 < m < m such that p' c < p m A £> m < 9. A 
similar argument to (I2.16P yields \u\oo < C. 
Case II. r > 1. 

Since (p + r) V 7 < p c , there exist 

: (p + r) V 7 < < p, 



such that 



T] : 7) > 1, close enough to 1, 



r p 1 1 

k + k-Tk < 7: 



7 1 1 
f]k p[ ' 



c 



from which we obtain 



p 1 
~\~ ~ rrr- < 



r/ m fc fc r/ m+1 £; n + 1 ' 



7 1 2 

< 



?? m fc r] m+1 k n + 1 

for any integer m > 0. Similarly to the arguments of Case I, we also have \u\oo < C. 

The proof of the lemma is complete. □ 

Lemma 2.6. Let f,g satisfy Q pHp . // 

P > PcM- (2-18) 

Lei k* : p c < k* < 00 be the solution of 

f + ^-7 l = 1 - (2.19) 

k* p c k* p' c 
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Then for any 1 < k\ < k* , we have \u\^ < C . 

Proof. According to (I2.10p and (12.181) . we necessarily have r < 1. We shall also carry out 
the bootstrap only on the first equation of system (11.11) to prove < C . We first consider 
the case where p > p c /p' c - So p c < k* < oo. For any e : < e -C 1, set k E = k* — e. Thanks 
to (12.1 Op and (12.191) . since r < 1, there exist 

k : (p + r) V 7 < k < p c , close enough to p c , 
t : r < r < 1, close to 1, 

such that 

k £ k k £ p' c 

rk T e < rk, (2.21) 
'Y 1 1 

t-t-<4, (2-22) 

where k T e m = k £ — T m (k e — k) for m > 0. In fact, (12.201) is a small perturbation of (I2.19P with 
respect to k* and, (I2.2ip is a small perturbation of itself with r = 1. A careful computation 
yields that 

r 1 t 1 
< i T - ; f° r an y integer m > 0, (using d 2 . 2 1 [) ) 



<y 1 T ' 

T^r - tt^+t < tt^t - t^t, for any integer m > 1. (using 7 > 1) 

K E K e K £ K e 



So, according to (12.201) and (12.221) . we have 



roll . 
+ T- T^TT < -7, (2-23) 



kl m k kr +1 P' c 

T 1 1 

< -. (2.24) 



for any integer m > 0. 
Set 



Note that 



1 r p 1 -y 

— = — — + — < 1, — = — — < 1. 

Pm k^ k g m k T e 

1 r p r p 1 
- = h - > h — > — . 

■& k e k k* p c p' c 

So p m A Q m < -d < p' c < 9. Then \h\ Pmhgm < C\h\ e < C for all m > 0. 

We already have \u\f- < C, \v\k < C from (12. 8p . If we have got < C for some 

m > 0, applying Proposition 12.1112731 using (I2.23p . (12.241) and the first equation of system 
(II. ip . similarly to (12.171) . we obtain [iiL T m+i < C. So, for any integer m > 0, there holds 
\u\ki m < C. Noting that fcj™ — ► k e as m — >• 00, we prove the lemma for p > p c /p' c - 

If p = Pc/p'ci we have k* = 00. The above proof is also valid when k £ is replaced by any 
arbitrary large number. The proof is complete. □ 
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Lemma 12.51 and 12.61 in hand, we can prove Theorem 12.41 

Proof of Theorem 12.41 

Case I. p < Pc/p' c - 



According to Lemma [231 \u\oo < C. Since s, a < p c , a simple bootstrap argument on the 
second equation yields that \v\oo < C. 
Case II. p = Pc/p' c - 



According to Lemma [2 .6[ l^l^ < C for any k\ > 1. Take k\ large enough and k : s V a < 
k < p c such that 

gigs., 

rt- ¥ 1 + k <1 - 

Similarly to the proof of Lemma 12.51 we have \v\oo < C. So we also have |w|oo < C since 
r, 7 < p c . 

Case III. p > Pc/p' c - In this case we necessarily have r < 1. 
According to ( 12. 9ft and ( 12.191) . there exist 

fci : p c < ki < k* , close enough to fe*, 

: (p + r) V 7 V a < k < p c , close enough to p c , 
7] : ?7 > 1 close enough to 1, 

such that 



^ + s < 1 


(2.25) 


r p 11 
fci rjk r/ki p' c ' 


(2.26) 


q s 1 1 

fe + 


(2.27) 


7 1 1 

k\ rjkx p' c ' 


(2.28) 


a 1 1 

fc 77 p' c 


(2.29) 



In fact, (12T27D is equivalent to (12T25D . (12T25]) with k x = k* and fc = p BT is exactly (12T9|) . 
So, ( 12.251) and ( 12. 27ft are just small perturbations of ( 12. 91) . ( 12. 26ft is a small perturbation of 
( 127191) . Multiplying the LHS of (l2~26l) -( LT29l) by l/r] m , we have 

r p 1 1 7 1 1 

~^ T^n+TT. ~~ Tvm+TT. < ^7' „ml, ^TrT+lT < ^7' (2.oU) 



r) m k x T] m+1 k r] rn+1 k 1 p' c r/ m fci r/ m+1 £;i p; 
9 + ^ —<- — — <i (2.31) 



rj m ki r] m k rj m+l k p' c r] m k 7] m+l k p' c 



for any integer m > 0. 
Set 



r p 1 7 

+ — ZTT < 1, — = — T" < !> 

„rr)-L- 7„ ' _ . rn 7_ ' 



/i m ?7 m /ci r] m+1 k ' z/ m r/ m fc 
— = — V- + r<l, — = r<l- 

Pm T] m k Q m l] m k 
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Since 77 > 1, for m large enough, we have p m A g m > p' c and p m A v m > p' c . Denote 
m = min{m : (p TO A g m ) V (/i m A u m ) > p' c }. We may assume that p mo A £> mo > p' c . We claim 
that after mo-th alternate bootstrap on system (11. ip . we shall arrive at the desired result 

Moo < c. 

We already have \u\ki < C (from Lemma [2 .61) and \v\k < C (from ( 12. 8ft ). If mo = 0, we 
can take k, k\ such that p' c < po A Qo < 6. Then applying Proposition 12.1112.31 using the 
second equation of system (II. ip . a similar argument to (12. 16ft yields that \v\oo < C. So we 
also have Ml 00 < C since r, 7 < p c . 

Now we consider m > 0. If we have got the estimate Ml^fa + M^a < C for some 
< m < m , then applying Proposition 12.1112.31 using (I2.3ip and the second equation of 
system ( 11.11) . a similar argument to (12.171) yields that |t)|^m+i fc < C. Then using (12.301) and 
the first equation of system ( 11. ip . we obtain Ml^m+ifc < C. So we have M|^ fe+ Ml^ofc < C 
We can take m : m — 1 < m < m such that p' c < p m A g m < 9. A similar argument to 
( I2.16P yields \v\oo < C. So we also have \u\oo < C since r, 7 < p c . The proof is complete. 
□ 

Theorem 12.41 also holds if pq < (1 — r)(l — s) in ( 11.41) . we have the following theorem. 



Theorem 2.7. Assume that f,g satisfy < \1.4[ with pq < (1 — r)(l — s) and ( |^.7[ ) where 
max{a, j3} > l/(p c — 1) is replaced by pq — (1 — r)(l — s) < (p c — 1) max{p+ 1 — s, q + 1 — r}. 
T/ien t/ie conclusion of Theorem \2.J\ holds. 

Proof. Assume that g + s > g + r. Note that 

Q s 
T- + — < 1 

is equivalent to pq — {1 — r)(l — s) < (p c — 1) max{p + 1 — s, q + 1 — r}. So the proof is 
essentially word by word the same as the proof of Theorem 12.41 □ 



3. /^-REGULARITY 

In this section, we prove Theorem I1.1H1.31 
Proof of Theorem 11.11 

(i) If n — 1, 2, the L°°-regularity of /^-solutions follows directly from the Sobolev imbed- 
ding theorem and Proposition 12.11 If n > 3, since u, v G Hq(Q), we have (12. 8p from 
the Sobolev imbedding theorem. Then the L°°-regularity follows from Theorem 12.41 with 
p c = (n + 2)/(n - 2) and B 1 = L 2 *{Vt) according to fflTHjl . 

(ii) Let (u,v) = (ci|x|~ 2a — c\,C2\x\~ 213 — C2), where ci,C2 are determined by c r ^ x c\ = 
2a{n -2- 2a), c^" 1 = 2f3{n -2- 2f3). Since a,P < (n- 2)/4 < (n - 2)/2, we have 
ci,C2 > 0. Obviously, 

-Au = 2 Cl a{n - 2 - 2a)\x\- 2a ' 2 = c\(? 2 \x\- 2ar - 2Pv = (u + Cl ) r (v + c 2 ) p , 
-Av = 2c 2 p(n -2- 2f3)\x\- w ~ 2 = c\c s 2 \x\- 2aq - Ws = (u + Cl ) q {v + c 2 ) s . 

It is easy to verify that (u, v) is an i^Q-solution of system (11.11) in B\ with / = [u + Ci) r (v + 

c 2 y, g = {u + Cl y{v + c 2 y. □ 

Proof of Theorem 11.21 

(i) If n = 1,2, the L°°-regularity of /^-solutions follows directly from Proposition 12.11 
If n > 3, since f(-,u,v),g(-,u,v) G L 1 ^), we have (12.81) from Proposition 12.11 Then the 
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L°°-regularity follows from Theorem 12.41 with p c — n/{n — 2) and B 1 = according to 

(ii) Since a,/3 < (n — 2)/2, (u,v) constructed in the proof of Theorem 11.11 (ii) is also a 
L -"--solution of system (11. ip in B\ with f — (u + Ci) r {y + c 2 ) p , g = {u + Ci) q {y + c 2 ) s . □ 

Proof of Theorem 11.31 

(i) If n — 1, the L°°-regularity of Lj-solutions follows directly from Proposition 12.31 If 
n > 2, we have f]2. 8[) since f(-,u,v),g(-,u,v) G Lj(Q) from Proposition 12.31 Then the Ir- 
regularity follows from Theorem 12.41 with p c = (n + l)/(n — 1) and B 1 = Ll(Q) according to 

(ii) Assume that G dQ. Let — 1 < 9 < (n — l)/2. Let Si be a revolution cone of vertex 
zero and £ := Ei n B R G Vt for sufficiently small R > 0. Then = \x\-^ e+1 H E G Lj(O) 
and according to [HI Lemma 5.1], the solution U > of (12. 2p satisfies {7 > C\x\~ 29 l-£. Set 
= |x| -2 ( Q!+1 ' ) 1e and ip — |x| _2( ^ /3+1 ' ) ls, and u,v > be the corresponding solutions of (12. 2p . 
We have u, v ^ and 

M r / > C|x|- 2Qr - 2/3p l E = C"|x|- 2{Q+1) l s = C0, 
uV > C'\x\- 2aq - Ws lv = C"|x|- 2 ^ +1 )l E = C>. 

Setting a(x) = 4>/{u r v p ) > 0, b(x) = ip/{u q v s ) > 0, we get 

—Au = <f) = a(x)u r v p , in Q, 
—Av — ip — b(x)u q v s , in Q, 

and a(x) < 1/C, b{x) < 1/C, hence a,beL°°. □ 
Proof of Theorem 11.41 

The proof is word by word the same as the proof of Theorem II. 1111. 31 (i). □ 

4. A PRIORI ESTIMATES OF Lj-SOLUTIONS AND EXISTENCE THEOREMS 

In order to prove Theorem 11.51 we recall a special property of the Lj-solutions, which is a 
consequence of Proposition |2T3"| see QS] Proposition 2.2, 2.3]. 



Proposition 4.1. Let (u,v) be the L\-solution of system (1 1 . II) with f,g satisfying U.13\) 
and let 1 < k < j>bt- Then u,v G L$(Q) and satisfies the estimate \\u\\ L k + \\v\\ L k < 
C(n,k,C 2 )(\\u\\ L i + \\v\\ L x + \\hx\\ L i). 

Proof. The proof is similar to that of |QS[ Proposition 2.2]. Let ipi(x) be the first eigenfunc- 
tion of —A in Hq(Q). Recall that 

CiS(x) < ipi(x) < C 2 5(x), iGfl, 

for some Ci, c 2 > 0. We have 

/ (|/| + M Vi = / (|A«| + \Av\) Vl = 2 f {{Au) + + {Av) + )ipx - / cp^Au + Av) 
Jn Jn Jn Jn 



< 2 / (C 2 (u + + v+) + h+Jcpi + Ai (u + v)<px 

Jn Jn 

< C(tt,C 2 )(\\u+\\ L i + \\v+\\ L i + \\h+\\ L i) 

< C(n,C 2 )(\\u\\ Ll + \\v\\ L i + \\h\\ L A 
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Applying Proposition 12.31 with m = 1 , we have 

IML* + \\v\\ L k < C(Q, k,C 2 )(\\u\\ L i + \\v\\ L i + ||/ii|Ui). 

□ 

Proof of Theorem 11.51 

Since /, g satisfy (11.131) . from Proposition 14. 1\ (12.81) can be deduced by (11.151) . So this 
theorem follows immediately from Theorem 12.41 with p c = (n + l)/(n — 1) and B 1 = Lg{fl). 
□ 

From Theorem 11.5} in order to obtain the a priori estimate (11.141) . we only have to obtain, 
for all Lj-solutions (u, v) of system (11.11) . \\u\\ L i + ||i>||£i < M for some M independent of 
u, v. In the following we give some propositions which assert the a priori estimate (j!.14p . 

Proposition 4.2. |QS, Proposition 3.1] If f,g satisfy (li.iffi) with A > Ai, then any nonneg- 
ative L\- solution of system (II. ip satisfies ( \1.15\i with M independent ofu,v. 

Proposition 4.3. |QS, Proposition 3.2] If f,g satisfy 

f > C lU r v p - C 2 u, 

u,v > 0, x e Q (4.1) 

g > C lU q v s - C 2 v, 

where r, s < 1, pq > (1 — r)(l — s). Then any nonnegative L\-solution of system (li.ip in 
Hi fl L°° satisfies <\1.15} with M independent of u,v. 



Proposition 14.31 can be extended to some case where r, s > 1, see |QS[ Proposition 3.5], 
see also |QS, Theorem 1.4 (ii), (hi)] for the precise assumptions. 

The following proposition gives the uniform Lj-estimates of the L^-solutions of system 
(I1.18P where r, s < 1 . 

Proposition 4.4. Any nonnegative L\-solution (u,v) of system (ll.lffi satisfies (\1.15§ with 
M independent ofu,v. 

Proof. We use the idea of P, Proposition 4.1]. Denote G(x,y), V(x,y) the Green functions 
in fl for —A and —A + q(x). If inf{spec(— A + q)} > 0, by [Zhao} Theorem 8], there exists 
a positive constant C = C(Q, q) such that 

^G(x,y)<V(x,y)<CG(x,y). 

By |BQ Lemma 3.2], we know that 

G(x, y) > C8{x)8{y) for x, y e Ti. 

So we also have 

V(x,y) > C5(x)5(y) for x, y G Q, 

for some constant C > 0. Denote f q {x) the first eigenfunction of —A + q(x) in Hl(Q) and 
X q the first eigenvalue. Recall that 

c\S(x) < (f q (x) < c 2 8(x), X E Q, 

for some c\,c 2 > 0. Let w be the solution of the linear equation 

—Aw + q(x)w = 4>(x), igSI; w = 0, x e dfl. 
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If (f) G L] is nonnegative, then we have 

w= f V(x,y)4>(x)>C([ <P5)5>C{! <fo q )<p q 
Jn Jn Jn 

with C depending only on fl, q(x). Let (u,v) be a nonnegative Lj-solution of (11.181) . Set 

A= a{x)u r v p (p c , B = b{x)u q v s ip d . 



n 



Then we have 



Therefore we obtain 



u > CAip c , v > CBifd- 



A>C a(p r c +1 (p q d A r B p > CA r B p , (4.2) 
Jn 

B>c[ bcp q c (p s d +l A q B s > CA q B s . (4.3) 
Jn 

If r = 1 or s = 1, A, B < C obviously. We consider r < 1. From (14. 2p . we have A X ~ T > CB P . 
So combining with (14.31) . we obtain B > CB pq '^ 1 ~ r > +s . Since pq > (1 — r)(l + s), we have 
B < C. From (14. 3p . we also have A < C. Using yj c as a testing function in the first equation 
of (11.181) and <pd in the second equation, this yields that 

mp c = / a(x)u r v p (p c = A < C, 



n 



VLf d = / b(x)u q v s Lf d = B < C, . 

The proof is complete. □ 
Now we can prove our existence theorems. The proof is standard, see |QS|. For the 



readers' convenience, we give the details. 
Proof of Theorem 11.61 

(a) This is a direct consequence of Theorem 11.51 and Proposition 14.21 

(b) Let K be the positive cone in X := L°°(Q) xL°°(Q) and let S : X -> X : ((j>,if>) ^ (u,v) 
be the solution operator of the linear problem 

—Am = 0, —Av = ip, in fl, 
u = v = 0, on dQ. 

Since any nonnegative Lj-solution of (11.11) is in L°° by part (a), the system (11.11) is equivalent 
to the equation (u,v) = T{u,v), where T : X — * X is a compact operator defined by 
T(u, v) = S(f(-, u, v),g(-, u, v)). Let W C K be relatively open, Tz ^ z for z E W \ W, and 
let ik(T, W) be the fixed point index of T with respect to W and K (see |AF] the definition 
and basic properties of this index). 

If W £ = {(u, v) G K : || {u,v)\\x < e} and e > is small enough, then (11.1 T[) guarantees 
Hi(fi, u, v) 7^ (u, v) for any \i G [0, 1] and (u, v) G W £ \ W £ , where 

Hi(ji,u,v) = fiT(u,v) = S(jif(;u,v),fig(;u,v)). 

Consequently, 

i K (T, W £ ) = i K {H x {\, ■, ■), W £ ) = i K (H x {Q, ■, •), W £ ) = i K (0, W £ ) = 1. 
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On the other hand, if R > is large, then our a priori esstimates guarantee H 2 (fi,u,v) ^ 
(u, v) for any jj, G [0, C\ + 1] and (u, v) G Wr \ Wr, where 

H 2 {n,u,v) = S(f(-,u,v) + fi,g(-,u,v)). 

Using (fx as a testing function we easily see that H 2 {Ci + l,u, v) = (u,v) does not possess 
nonnegative solutions, hence 

i K (T, W R ) = ikIH^C, + 1,-,.),W r )= 0. 

Consequently, ix(T, Wr \ W e ) = — 1, which implies existence of a positive solution of (11. ip . 
The proof is complete. □ 

Proof of Theorem 11.71 

(a) This is a direct consequence of Theorem 11.51 and Proposition 14.41 

(b) Let K, X, W e be the same as in the proof of Theorem 11.61 (b), let S be the solution 
operator of the linear problem 

—Au + c(x)u = <fi, in Q, 
—Av + d(x)v = if>, in fl, 
u = v = 0, on dQ. 

Let us show that H\([i,u,v) ^ (u,v) for any fi G [0, 1] and (u,v) G W £ \ W £ for e small. 
Assume by contrary (u,v) G W £ \ W £ , Hi(/i,u,v) = (u,v). Then u ^ 0, t) / and the 
standard L 2 -estimates (with z > n/2) guarantee 

||«IU < C||w|LlkllL> \\ v \\oo < ClhllLlklloo- 

Hence 

|| tt ||a-r)(l-.) < C7||«||«, 

which contradicts pq > (1 — r)(l — s) if e is small enough. 

On the other hand, if R > is large, then our a priori esstimates guarantee H 2 (n, u, v) ^ 
(u, v) for any fi G [0, A c ] and (u, v) G Wr \ Wr, where 

H 2 (ji,u,v) = S(f(-,u,v) + n(u+ l),g(-,u,v)). 

and A c is the first eigenvalue of —A + c(x) in H$ (Q). Using ip c as a testing function we easily 
see that H 2 (X c ,u,v) = (u,v) does not possess nonnegative solutions, hence 

i K (T, Wr) = i K (H 2 (\ c , ; •), Wr) = 0. 

Consequently, ix(T, Wr \ W £ ) = —1, which implies existence of a positive solution of (jl.lSp . 
The proof is complete. □ 
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